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Abstract: The mechanisms that determine spin relaxation times of localized electrons in impurity bands of 
n-type semiconductors are considered theoretically and compared with available experimental data. The relaxation 
time of the non-equilibrium angular momentum is shown to be limited either by hyperfine interaction, or by spin-
orbit interaction in course of exchange-induced spin diffusion. The energy relaxation time in the spin system is 
governed by phonon-assisted hops within pairs of donors with an optimal distance of about 4 Bohr radii. The spin 
correlation time of the donor-bound electron is determined either by exchange interaction with other localized 
electrons, or by spin-flip scattering of free conduction-band electrons. A possibility of optical cooling of the spin 
system of localized electrons is discussed. 
 
1) Introduction.  
Strange though it may seem, 40 years of research (since the pioneering work by G.Lampel [1]) on 
optical orientation of electron and nuclear spins have not filled all the major blank spaces in this very 
interesting area of physics. Answers to many questions of primary importance are being approached 
just now. One of these actively developed fields with a long history is the problem of spin memory – 
not only in nanostructures brought forth by sophisticated novel technologies, but also in bulk 
semiconductor crystals. A part of this broad field, the physics of relaxation processes in the spin 
system of interacting localized electrons in non-magnetic n-type semiconductors, is the subject of this 
paper. It consists of an extended theoretical introduction – partly based on published results, partly 
original – followed by a survey of relevant experiments. The consideration is limited to direct-gap 
semiconductors, like GaAs, which are mainly studied in the experiments on optical orientation. 
Aiming at bringing together experiment and theory, I will concentrate at bulk crystals where 
localizing potentials and the concentration of localization centres are determined by doping and can 
be easily calculated. The concentrations and temperatures considered are those low enough for 
electrons to remain localized.  
   
2) Relaxation time scales in spin systems.  
Non-equilibrium spin polarization created by an external pumping (for instance, by circularly 
polarized light) persists during some characteristic time after switching off the pump. This time is often 
called the spin memory time. It should be, however, noted that relaxation processes in spin systems are 
not, generally, characterized by a single time scale. Depending on the experimental conditions, the 
observed “spin memory time” can be determined by different relaxation processes. 
 These may include, for instance, relaxation of the components of the vector of total angular 
momentum (the spin relaxation proper) or of the energy of the spin system. The relaxation of a 
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component of the angular momentum along a certain axis requires only that the spin interactions lack 
symmetry with respect to rotation about this axis. The energy relaxation of the spin system also requires 
coupling of this system with an energy reservoir of sufficient capacity (phonons, for instance). Clearly, 
the relaxation of angular momentum and the relaxation of energy can be provided by quite different 
interactions, resulting in disparate scales of corresponding relaxation times.  For example, the relaxation 
of the angular momentum of nuclear spins in a solid is provided by their magneto-dipole interaction and 
occurs during 10-4 с, while the energy transfer from the nuclear spin system to the lattice may take hours 
[2, 3]. The difference of relaxation times for angular momentum and energy is usually unsubstantial for 
free electrons, because in this case main spin relaxation mechanisms are powered by the motion of 
electrons, very efficiently transforming the energy of spin interactions into the kinetic energy. As we shall 
see, for localized electrons this difference may be of primary importance. 
 There is also a difference between relaxation times of longitudinal and transverse spin 
components in a magnetic field. The latter is important for interpretation of experiments on “spin beats” 
and magnetic resonance, which are outside the scope of this paper. The longitudinal time is normally 
longer than the transversal time for two reasons. One is that the relaxation of the longitudinal spin 
component is accompanied by dissipation of the Zeeman energy, which requires coupling of the spin 
system with the lattice. The second reason for this difference is that the Zeeman splitting slows down 
transitions between spin sublevels of individual spins. 
 In the following, we will specify which sort of relaxation is discussed each time when such a 
difference may occur.  
 
3) Specifics of spin relaxation in n-type semiconductors. 
 In n-type semiconductors, the electron spin relaxation is usually distinctively slower than in p-
type ones. The main reason is the absence of the powerful relaxation channel due to exchange 
scattering of electrons by holes (Bir-Aronov-Pikus mechanism). At high temperatures, the spin 
relaxation is dominated by the Dyakonov-Perel mechanism that involves the electron spin precession 
in effective magnetic fields of a spin-orbit nature, arising when the electron moves.  Such spin-orbit 
fields exist in semiconductors and semiconductor structures lacking the inversion symmetry. They are 
proportional to odd powers of the electron wave vector components (third power in bulk cubic 
crystals and, typically, first in two-dimensional structures). Their direction is determined by 
directions of the wave vector and of the crystal axes. For example, the spin-orbit field in zinc-blend 
crystals is given by the expression 
( ) ( )2213 2 zyxgBSOSOx kkkmEgmB −= −µα ?    (1) 
(other components are obtained by permutation of indices). Here m is the electron effective mass, 
Eg is the band gap, k is the electron wave vector, Bµ  is the Bohr magneton, g is the conduction-band 
electron g-factor, and SOα  is a dimensionless constant. For GaAs, 07.0≈SOα  [4, 5]. 
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 When the electron is scattered, the direction of the spin-orbit field is changed randomly. If, while 
the electron spin turns around the spin-orbit field, the field changes its direction many times, the spin 
relaxation time Sτ  is given by the following formula: 
c
S
ττ
21 Ω=          (2) 
where ( )22 ?SOB gBµ=Ω  is the mean squared Larmor frequency of the electron spin in the 
spin-orbit field, and cτ  is the correlation time of this field, proportional to the momentum relaxation 
time of electrons  [6]. Equation (2) is valid also for Fermi-edge electrons in a degenerate 
semiconductor; in this case 2Ω  is determined by the Fermi momentum [7, 8]. However, lowering 
the temperature results in a quite different behaviour in non-degenerate semiconductors. In that case, 
the concentration of electrons in the conduction band becomes very small, the electrons being bound 
to localization centres (in bulk crystals, to donor impurities). The ensemble of localized electron 
states is often called the impurity band. Bound states have zero average wave vectors, and for this 
reason the Dyakonov-Perel mechanism does not work for localized electrons. Still, as we shall see, 
the spin-orbit interaction remains a major cause of spin relaxation for impurity-band electrons. 
 
4) Spin-orbit interaction and the asymptotic form of the donor wave function.  
The spin-orbit interaction does not cause spin relaxation of a single localized electron, because, 
due to the Kramers theorem, it does not split the electron spin sublevels. Combined with the electron-
phonon interaction, the spin-orbit coupling can induce spin-flip transitions, but at liquid-helium 
temperatures their intensity is fairly low; according to Khaetskii and Nazarov [9], in quantum dots the 
corresponding spin relaxation times exceed 0.1 s. At the same time, the structure of the electron wave 
function changes: it becomes a spinor whose components with different spin indices are different 
functions of coordinates. This fact is of primary importance for spin relaxation in the impurity band, 
and we will discuss it in detail. As mentioned above, in semiconductors lacking the inversion 
symmetry the spin-orbit interaction results in the appearance of spin-dependent terms in the 
Hamiltonian of the conduction band, having the general form ( ) SkBg SOB ??? ⋅µ , where the effective 
spin-orbit field ( )kBSO ??  is an odd function of the wave vector components. Because of their 
smallness, these terms have practically no effect on the binding energy and the wave function shape 
near the localization centre. But the behaviour of the wave function at large distances is seriously 
changed. The asymptotic form of the wave function far away from the centre, where the localizing 
potential is close to zero, can be obtained in the quasi-classical approximation [10]. The wave 
function at a distance larger than some (arbitrary)  can be approximately written as  0r
( )⎟⎠
⎞⎜⎝
⎛∝Ψ ?
?riSexp
       (3)
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where ( ) ∫= r
r
rdkrS
0
'????  is the action, the integral is along the straight trajectory emerging from the 
centre, and the wave vector should be found using the condition  
( ) ( ) ( )rUESkBg
m
k SO
B
????? −=⋅+ µ
2
2
    (4)
 
At large distances from the centre the potential energy ( )rU ?  can be neglected. Using the smallness of 
the spin-orbit terms, we can seek k  in the form: , where kkk ∆+= )
( )( )
220
22
??
BmEirUEmk ≈−= ,  is the electron binding energy. The spin-orbit correction BE k∆  
is found from the condition ( )0k 002 =⋅+∆ SBgm kk SOB ???? µ , yielding ( )02 0k SkBgmk
SO
B
?
??? ⋅=∆ µ . As 
 is an odd function of the wave vector, SOB
?
k∆  is a real number. Finally we obtain  
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The spin-dependent multiplier in this expression has a form of the operator of finite rotation for the 
spin S. For this reason, if near the centre the localized electron state corresponds to a certain spin 
direction (i.e. its spin projection on a certain axis equals ½), then at the distance r from the centre the 
spin will have the same projection on the axis turned through the angle [11]: 
( )
B
BSO
B
mE
r
r
rmEBgm
r
2
2
2 ⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
?
?
?? µ
γ       (6) 
around the spin-orbit field ⎟⎟⎠
⎞
⎜⎜⎝
⎛
r
rmEB BSO
?
?
?
2
2 . One can define the spin-orbit length  by the 
condition 
SOL
( )[ ] 12 =λγ ?SOL , where the angle is averaged over the directions of a unit vector λ? .  For 
GaAs, the spin-orbit length is about 5µm. Using this parameter, one can write the angle-averaged 
rotation angle as 
 ( ) SOLrr /2/12 =γ       (7) 
 
6) Spin rotation of the electron hopping from donor to donor, and anisotropic exchange interaction.  
The asymptotic behaviour of the wave function of the localized electron affects the spin 
dynamics if there is more than one localization centre for the electron. Consider two centres (i) and 
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(j), situated not very far from each other. The wave functions of electrons localized at these two 
centres are ( ) ( )( ) βαβα χσγ 2/exp ?????? iii RriRrF −−=Ψ  and 
( ) ( )( βαβα χσγ 2/exp )?????? jjj RriRrF −−=Ψ , where iR?  and jR?  are position vectors of the two ions, 
( ) ( ) ( ) ( )rBrBrr SOSO ??????? γγ =  , ( )zyx αβαβαβαβ σσσσ ,,=?  is a vector of the Pauli matrices, and χ  is an 
eigenfunction of spin 1/2. One can see that and  are no longer orthogonal. Therefore, the 
electron tunnelling between these two centres may be accompanied by a spin flip.  
2/1
iΨ 2/1−Ψ j
The functions and  have one remarkable property. Let us choose different systems 
of spinor indices for centres (i) and (j), defining them by the relation 
2/1
iΨ 2/1−Ψ j
( )( ) iijj Ri βαβα χσγχ ???exp= , where 
. This simply means using different coordinate frames for spins at the two centres. 
These frames are transformed into each other by rotation through the angle 
ijij RRR
??? −=
( )ijR?γ . Under this choice, 
the two functions, ( ) ( )( ) iiii RriRrF ββαα χσγ 2/exp '' ?????? −−=Ψ  and 
( ) ( )( ) ( ) ( )( ) iijjjjj RriRrFRriRrF βαββαβα χσγχσγ 2/exp2/exp ???????????? −−=−−=Ψ , will regain the 
spin orthogonality along the line connecting the two centres. All the overlap integrals entering the 
tunnelling matrix elements are governed by the narrow region along this line, where the product of 
the two wave functions is the largest. For this reason, the electron with the spin index +½ at one 
centre will, after tunnelling to the other centre, remain in the +1/2 spin state, but in a rotated frame. In 
other words, the main effect of tunnelling from (i) to (j) on the electron spin is just turning the spin 
through the angle ( )ijR?γ .   
If the centre (j) is occupied by another electron, the electrons will be coupled by the exchange 
interaction. Since the exchange integrals are also governed by the “tunnelling corridor” along the 
straight line connecting the centres, the effect of the spin-orbit interaction is very similar to that in the 
case of tunnelling: the exchange interaction will now couple spin operators defined in different 
coordinate frames: ''2 jiijex SSJH
??? ⋅=  [12]. As shown in [13], in the case of linear in k spin-orbit 
terms this result is exact for any distance between localization centres, not only in the asymptotic 
region. Transforming the spin operators back to the laboratory frame, we obtain the following 
expression for the exchange Hamiltonian [12]:  
( )
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅−+×⋅+⋅=⋅= j
ij
ij
i
ij
ij
ijji
ij
ij
ijjiijijjiijex SSSSSSJSSJH
????????????
γ
γ
γ
γγγ
γγγ cos1sincos2''2
 (8)
 
Here the first term is the scalar exchange interaction, the second one is the Dzhyaloshinskii-
Moriya interaction, and the third one is the pseudo-dipole interaction. These three components of the 
exchange Hamiltonian have different symmetry. The scalar interaction conserves both the value of 
the total spin of the two electrons and its projection on any axis. The pseudo-dipole interaction does 
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not conserve the projection of the total spin (with an exception for the case when the quantization axis 
is directed along ijγ? ), but conserves its value. Finally, the Dzyaloshinskii-Moriya interaction does not 
conserve even the value of the total spin (more precisely, all its matrix elements between the states 
with the same squared total spin are zero).  
 
7) Spin-orbit relaxation mechanisms due to spin diffusion in the impurity band. 
As shown in the previous section, in presence of the spin-orbit interaction both tunnelling to empty 
donors and exchange interaction with other localized electrons may result in a change of the electron 
spin state. Therefore they can, in principal, bring about the spin relaxation. In this Section, we will 
consider specific mechanisms of spin-orbit relaxation. We will imply that injection and measurement 
of the spin polarization is performed in zero magnetic field. In this case the spin kinetics is usually 
characterized by a single relaxation time Sτ .  
Let us start from the relaxation by tunnel hops. Since the binding energies of localized electrons are 
distributed within the impurity-band energy width, such hops are accompanied by absorption or 
emission of acoustic phonons. It is a random process. While the electron hops from donor to donor, 
its spin experiences random rotations (recall that the angle ( )ijr?γ  and the axis of the rotation depend 
on ijr
?
). Since ( )ijr?γ  is typically small (of the order of 10-2 rad), the memory about the initial spin 
orientation vanishes only after a large number of hops, N, when the accumulated rotation angle Γ  
becomes of the order of 1. Using Eq.(7), one can write 
22222 /3/1 SOShSOijij LDLr τγ ===Γ= ∑∑     (9) 
Thus, the hopping spin relaxation time  can be expressed in terms of the spin-orbit length and the 
coefficient of hopping diffusion D
h
Sτ
h [14]: 
hSO
h
S DL 3/
2=τ       (10) 
Similarly, the isotropic exchange interaction in the ensemble of disordered spins of localized 
electrons leads to the spin diffusion. Anisotropic corrections to the exchange Hamiltonian result, 
according to Eq.(7), in a spin rotation through the angle ijγ  when the spin is transferred between the 
electrons localized at the centres (i) and (j). In full analogy with Eq.(10), the spin relaxation time in 
the case of exchange-dominated relaxation is  
exSO
ex
S DL 3/
2=τ        (11), 
where Dex is the coefficient of exchange diffusion. Combining Eqs.(10) and (11), we obtain the 
expression  
( ) ( ) SSOexhSOexShSS DLDDL 3/3/11 221 =+=+= −τττ     (12) 
where DS is the coefficient of spin diffusion by all the mechanisms. This formula generalizes the 
conclusions on the relation between transport and spin relaxation, [15, 16, 14], to any kind of spin 
transport. 
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The spin-orbit length  is determined by the material constants and the binding energy of localized 
electrons. It is therefore the same for both mechanisms. Thus, the dependence of the spin relaxation 
time on temperature and impurity concentration is determined solely by the diffusion coefficient.  
SOL
The temperature and concentration dependence of Dh is known from the theory of hopping 
conductivity [10]. It decreases exponentially with lowering the donor concentration. Its temperature 
dependence is also exponential:   
⎟⎟⎠
⎞
⎜⎜⎝
⎛⎟⎠
⎞⎜⎝
⎛−∝
aNkT
D
D
h 3/1
3 expexp αε
     (13)
 
where εε
3/12
3
DNe≈ , ND is the concentration of donors, and α is a number between 1 and 2. With 
further lowering the temperature into the millikelvin range, a crossover to variable range hopping is 
possible. In this case, the temperature dependence of the diffusion coefficient is given by the Mott 
law: ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⎟⎠
⎞⎜⎝
⎛−∝
4/1
0exp
T
TDh , where  is a characteristic temperature. The concentration dependence 
of D
0T
h is determined by the exponential decrease of the overlap integral with distance, as well as by 
the dependence of the efficiency of phonon activation on the energy difference between the two 
bound electron states. The diffusion goes over donors belonging to the infinite cluster, with the inter-
donor distance of the order of the average value ( ). Therefore, the diffusion coefficient can be 
written as 
3/1−
DN
13/2
3
1 −−≈ WDh kND τ , where k is the compensation degree of the semiconductor (i.e. the 
number of empty donors per one electron), and the mean waiting time of the tunnel hop 
is ⎟⎠
⎞⎜⎝
⎛ += 3/130 exp aNkTWW
αεττ . The time parameter 0Wτ  can be estimated as 100 −= ijW wτ  [10], 
where  
42
2
222
45
2
0
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⎥⎥⎦
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⎡
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⎞
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⎛ ∆+⎟⎟⎠
⎞
⎜⎜⎝
⎛∆=
s
a
a
r
a
e
ds
E
w ijijijDij ?? επ
    (14) 
Here ED is the constant of deformation potential, d is the crystal density, s is the sound velocity, ε is 
the dielectric constant, and a is the Bohr radius of the donor. Taking the parameters of shallow donors 
in GaAs, assuming α =1.73 [10] and estimating the characteristic energy difference between different 
donor-bound states as 3/1
2
3 Dij N
e
εε =≈∆ , we obtain , that yields 
 for N
( 3320 105 aNDW −⋅≈τ )
sW
12
0 104
−⋅≈τ D=1015cm-3 and  for NsW 90 104 −⋅≈τ D=1016cm-3. At T=4.2 K this results in 
 and , respectively. For a compensated semiconductor, the 
corresponding diffusion coefficients are the order of 10
sW
3102 −⋅≈τ sW 3107 −⋅≈τ
-7 cm2/s, in accord with the values, 
recalculated using the Einstein relation from experimental data on hopping mobility [10]. At weak 
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compensation Dh becomes smaller.  With the value of the spin-orbit length for GaAs, µ5≈SOL , we 
obtain . This result makes us to conclude that the spin-orbit relaxation powered by 
the hopping diffusion is unable to explain the experimentally measured spin relaxation times n-GaAs 
at liquid helium temperatures (of the order of 10
sDL hSO
h
S 1/
2 ≈≈τ
-7 s).  It is however possible that this mechanism is 
more effective in quantum wells at low concentrations of electrons, where hopping occurs between 
states localized at structure imperfections. Beside this, we shall see that hopping may provide the 
energy relaxation in the spin system of localized electrons.  
 
The spin diffusion by exchange interaction weakly depends on temperature within the range 
⎟⎟⎠
⎞
⎜⎜⎝
⎛<<
C
D
BB N
NETkJ ln , where  is the effective density of states in the conduction band. The 
lower boundary of this range is determined by spin ordering in the system of localized electrons, and 
the upper boundary - by thermal activation into delocalized states of the conduction band. The 
compensation dependence is also weak, while 
CN
1<<k . The spin diffusion coefficient can be estimated 
as  
?/
3
1 2 JrD ijex ≈       (15) 
 The exchange constant J for hydrogen-like centres is given by the formula [17]: 
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛−⎟⎟⎠
⎞
⎜⎜⎝
⎛=
a
r
a
r
a
eJ ijijij
2
exp82.0
2/52
ε .     (16) 
 The exchange constant should be averaged over the infinite cluster; the percolation theory suggests 
that this can be done by replacing rij with , where 2/3/1−Nα 73.1≈α  [10]. Substituting the 
parameters of GaAs, we obtain for ND=1015cm-3 eVJ µ1.0≈ ,  and 
, and for N
scmDex /105
23−⋅≈
sS
6103 −⋅≈τ D=1016cm-3 eVJ µ170≈ ,  and . As we shall 
see, the model of exchange diffusion demonstrates a very good agreement with the experimental data 
for GaAs with N
scmDex /5.1
2≈ sS 710−≈τ
D around 1016cm-3.  
The exchange-induced spin relaxation can be alternatively described as a relaxation induced by 
random fields of anisotropic exchange interaction, in analogy to the Dyakonov-Perel mechanism [7]. 
The correlation time of this field is 
 ( ) 13/23/ −≈≈ exDc DNJ ?τ ,      (17)  
and the corresponding spin precession frequency is ?2/12ijJ γ=Ω . 
 Applying the motional-averaging formula Eq.(2) then results again in Eq.(14).  
 It should be noted that the moment-expansion approach to calculation of the spin relaxation rate, 
used in Ref.[11], is not applicable to the disordered system of donor-bound electrons. The reason is 
that, because of the exponentially large variation of exchange constants, the means of the second and 
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forth powers of the exchange field, used in that method, are determined by a small number of closely 
spaced clusters of donors. Therefore, the calculated relaxation times do not characterize the entire 
ensemble of electrons; for instance, this method gives a wrong concentration dependence of sτ . The 
correct approach to calculation of relaxation times in disordered systems with exponential variation of 
the interaction strength is to use the percolation theory, as done in this Section. The contribution of 
small clusters should be accounted for separately; this is the subject of the next Section. 
 
8) Spin-orbit relaxation in small clusters. 
Because of the exponential dependence of the exchange constant on the distance between centres, 
even a small proportion of donors separated by distances, much less than the average one, may give a 
sizable contribution into the spin relaxation rate. This idea was first put forward by Liubinskii, 
Dmitriev and Kachorovskii for the case of hopping relaxation [14]. According to Ref.[14], any 
electron has a probability to visit small clusters by hopping diffusion. However, as we have shown in 
the previous Section, the hopping diffusion, at least in bulk semiconductors, is much slower than the 
exchange spin diffusion. Therefore, the realistic scenario of cluster-dominated spin relaxation is the 
following: electrons in small clusters are coupled with the rest of donor-bound electrons by isotropic 
exchange interaction, which determines their spin correlation time ?/Jc ≈τ .  However fast is the 
spin relaxation within the cluster, its contribution into the total spin relaxation rate cannot exceed 
( ) cDcl NN τ , where  is the concentration of such clusters. Since the spin relaxation time by 
exchange diffusion is , the contribution of small clusters may become 
dominant only if 
clN
cDSOexSO
ex
S NLDL ττ 3/222 3/ −==
23/2
SODDcl LNNN
−> .  This is the upper estimate of the cluster contribution, 
corresponding to “black hole” clusters having a very fast spin decay rate. To get more realistic 
estimates and to find , one should consider contributions of two types of relevant clusters: those 
composed of filled donors, and those where one or more donors are empty.  
clN
Let us firstly estimate the contribution of filled clusters, where the spin relaxation is provided by the 
anisotropic exchange interaction.  
The concentration of clusters of closely spaced donors rapidly decreases with increasing the number 
of donors in the cluster. Therefore we can safely consider only clusters comprising the smallest 
number of donors, which can provide spin relaxation. It is easy to see that this number is three. 
Indeed, the exchange Hamiltonian (Eq.(8)) splits the levels of a pair of spins into two groups, a 
singlet and a triplet. As distinct from the case of purely isotropic exchange, these states are not 
eigenstates of the total spin, but of an analogous operator composed of electron spins in tilted 
coordinate frames [12]. But, because of smallness of the angle ijγ , these states are in fact very close 
to the eigenstates of the total spin. If, for instance, we place two electrons with the total spin 
projection +1 on the pair of donors, the probability that they form a singlet state is of the order of 
. The probability to occupy the triplet state is , and, since the levels within the 12 <<ijγ 11 2 ≈− ijγ
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triplet are not split, the total spin projection of the two electrons will not further change and will 
remain close to 1 forever.  
This property of the exchange interaction within a pair of electrons can be better understood if we 
treat anisotropic terms in Eq.(8) at small ijγ  as perturbations to the singlet-triplet spectrum formed by 
the isotropic exchange. As mentioned above, the Dzyaloshinskii-Moriya interaction does not couple 
states with the same value of the total spin. Therefore, splitting of triplet levels due to this interaction 
appears as a second-order perturbation. It is easy to find that it is equal to . To the opposite, 
the pseudo-dipole term couples triplet levels directly and results in their splitting in the first order. 
The value of the energy splitting is exactly equal to one induced by the  
2/2Jijγ
Dzyaloshinskii-Moriya interaction, but has the opposite sign. As a result, these two contributions 
cancel each other. 
This cancellation of splitting is a result of the specific spectrum of the pair of spins, having only one 
energy parameter J. It does not happen in any other case; in particular, it does not happen for a triad 
whose spectrum consists of two doublets and a quadruplet [18]. We will not need to perform 
cumbersome calculations for the case of a triad, because the structure of the spectrum can be guessed 
using qualitative considerations.  The two doublets will not split at all because of the Kramers 
theorem. The quadruplet, corresponding to the total spin 3/2, will split in two doublets separated by 
the energy of the order of min
2~ Jγ , where 132312~ γγγγ ???? ++=  and Jmin is the least of the three 
exchange constants. This estimate is based on the following considerations. The splitting appears in 
the second order in the Dzyaloshinskii-Moriya interaction and in the first order in the pseudo-dipole 
interaction; hence quadratic dependence on γ . It becomes zero if one of the exchange constants is 
zero, because in this case we have an open triad, whose Hamiltonian can be written as 
, where primed and double-primed spin operators are obtained by rotation 
through angles 
'''' 32232112 SSJSSJ
???? ⋅+⋅
12γ?  and 2312 γγ ?? +  respectively. This Hamiltonian commutes with the operator 
. This operator is an analogue of the total spin, and therefore the multiplets in its 
spectrum are not split. Finally, it should become zero for the same reason if 
''' 321 SSSF
???? ++=
0~ =γ , because in this 
case the Hamiltonian can be written as '''''' 311332232112 SSJSSJSSJ
?????? ⋅+⋅+⋅  (we assume that the angles 
are small) and again commutes with F
?
. The rotation angles in the small closed triad cancel out up to 
the second order in the case of linear in k spin-orbit terms [14]; but in the bulk crystal with cubic spin-
orbit terms this does not happen, and one can estimate SOLR /~ ≈γ , where R is the size of the cluster. 
The above consideration suggests that, if a small cluster of three donors with the size R is in the 
quadruplet state (which, for weakly polarized electrons, happens with the probability 0.5), the spin–
orbit interaction will make its spin polarization oscillate with the characteristic frequency  
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( ) ?/)(min
2
RJ
L
RR
SO
SO ⎟⎟⎠
⎞
⎜⎜⎝
⎛≈Ω      (18) 
The spin relaxation time in the cluster is determined not only by SOΩ , but also by the correlation time 
of the electron spin, cτ . If 1<<Ω cSOτ , the spin relaxation time at the cluster is given by the well-
known motional-averaging formula (see [19]): 
( ) cSOcls ττ 21 Ω≈−        (19) 
Otherwise, . In this case, the contribution of clusters into the rate of spin relaxation of the 
entire electron ensemble is equal to the rate at which the spin polarization is fed into the clusters from 
surrounding donors (‘black hole” regime): 
( ) 11 −− ≈ ccls ττ
1−= c
D
bh
bh N
Nw τ       (20) 
  Here  ⎟⎠
⎞⎜⎝
⎛−≈ 362
2
3
4exp
9
8
cDcDbh RNRNN ππ  is the concentration of clusters where the largest 
distance between two donors does not exceed a critical radius Rc, defined by the condition 
JRJ
L
R
cc
SO
c ==⎟⎟⎠
⎞
⎜⎜⎝
⎛ −1
min
2
)( τ? .  
In the regime of short correlation time, the spin relaxation will be governed by clusters of the minimal 
possible size. At low temperatures, this size is limited by freezing out the clusters where the largest of 
the exchange constants,  , exceeds . Such clusters remain in the lowest states, which are 
Kramers doublets, and do not contribute into spin relaxation.  Thus, if the correlation time is short, 
the relaxation will be determined by triads with all the inter-donor distances approximately (with the 
precision to ) equal to the “freezing radius” R
maxJ TkB
Ba± T, defined by the condition . The 
concentration of such clusters can be estimated as 
( ) TkRJ BT =
⎟⎠
⎞⎜⎝
⎛−= 33333
3
4exp34 TDBTDT RNaRNN ππ . Their 
contribution into the overall relaxation rate is 
 c
B
SO
T
D
T
T
Tk
L
R
N
Nw τ
24
⎟⎠
⎞⎜⎝
⎛⎟⎟⎠
⎞
⎜⎜⎝
⎛= ?       (21) 
 The crossover to the “black hole” regime occurs when RT  becomes equal to Rc, i.e. when  
becomes equal to 
1−
cτ?
)(
2
T
SO
T RJ
L
R
⎟⎟⎠
⎞
⎜⎜⎝
⎛
. At this point (corresponding to ), the spin 
relaxation rate due to exchange interaction in small clusters reaches its maximum, about 10
31510 −≈ cmND
5 s-1, 
which is two orders of magnitude faster than the relaxation by exchange diffusion at that 
concentration. We shall see, however, that this is much slower than the relaxation rate provided in 
this range of impurity concentrations by the hyperfine interaction. 
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Unlike the hopping diffusion, which is much slower than its exchange counterpart, phonon-assisted 
hops within closely-spaced donor clusters can go faster than the spin exchange. But the electron-
phonon interaction appears very selective to the spatial and energy separation of the donors, 
diminishing the number of clusters that actually contribute to the spin relaxation. This is a very 
important matter for the entire subject, since such hops also provide energy relaxation of the electron 
spin system, and we shall consider it in detail. 
 Eq.(14), with which we calculated the hopping probability in the infinite cluster, assumed that the 
tunnelling matrix element is much smaller than the energy separation of the two donor-bound states. 
If this condition is not satisfied, ij∆  in Eq.(14) should be replaced with 22 4 ijijij I+∆=ε , where 
⎟⎟⎠
⎞
⎜⎜⎝
⎛−=
a
r
a
r
EI ijijBij exp3
4
 is the tunnelling matrix element [10]. This results in the following 
expression for the waiting time of the hop between donors i and j: 
142
45
22
1 1exp
2
1
−−
− ⎥⎦
⎤⎢⎣
⎡ −⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛+=
Tks
a
ds
IE
B
ijijijijD
w
εε
π
ετ ??
    (22)
 
Since 2/ijijI ε≤ , the most frequent hops occur within pairs having a
s
ij
?2≈ε , i.e. those interacting 
with phonons whose wave vectors match the extent of the donor wave function in the k-space. The 
hopping probability rapidly decreases when ijε  deviates from this value. The optimal pair should 
have asij ?2≤∆  and ( ) asrIIij ?=≈ 0 ; the latter condition imposes a restriction on the inter-
donor distance: . For shallow donors in GaAs, arrij ±= 0 meVas 12.02 ≈? , yielding ar 40 ≈ . 
Finally, because usually TkmeVas B<≈ 1.02? , the exponential in the Bose factor can be 
expanded: 
TkTk B
ij
B
ij εε ≈−⎟⎟⎠
⎞
⎜⎜⎝
⎛
1exp . The waiting time for the optimal pair then reads: 
1
232
2
16
−
⎟⎟⎠
⎞
⎜⎜⎝
⎛≈ ?sda
TkE
B
BDopt
w πτ       (23) 
For GaAs at liquid helium temperature,  is of the order of 10 ps.  optwτ
The concentration of optimal pairs is 
 ( ) FDopt asarNN ρπ /224 20 ?⋅⋅⋅≈ ,      (24) 
where ( ) 13/12 −= DDF NekN ερ  is the density of states at the Fermi level in the impurity band [10]. For 
GaAs with  and k=0.1, . The average probability of the hop then 
writes: 
31510 −= cmND 3104/ −⋅≈Dopt NN
( ) ( )ετ /3/12202221 DDBDoptw NerkNsda TkE ?=−       (25) 
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However, the contribution of such pairs into spin relaxation is suppressed, because the successive 
hops within the pair are accompanied by spin rotations through the same angle ijγ  in the opposite 
directions. As shown by Lyubinskiy [20], the situation changes in a longitudinal magnetic field. The 
easiest way to understand this effect is to go to the coordinate frame, rotating around the external 
magnetic field B with the Larmor frequency gBBµω = . In the rotating frame, the external field 
becomes zero [2], while the spin-orbit fields rotate. Successive hops there and back between the two 
donors now result in spin rotations about different axes. When the Larmor frequency becomes larger 
than the inverse waiting time, the correlation between the directions of successive spin turns in the 
rotating frame is completely lost. As a result, closely spaced pairs start to contribute into the 
relaxation of all the spin components, including the component along the external field B. Since this 
component is the same in the rotating and laboratory frames, it follows from the above consideration 
that the longitudinal magnetic field accelerates the hopping spin relaxation. The resulted spin 
relaxation rate is equal to ( ) ( 201 rLSOoptw ⋅−τ ) , which amounts to approximately 105 s-1 for GaAs 
with  and k=0.1. 31510 −= cmND
The results of this Section can be summarized as follows. Relaxation in small clusters, either by 
phonon-assisted tunnelling, or by anisotropic exchange interaction, limits the spin relaxation time at 
the level of, approximately, 10-5 s. At donor concentration around 1015 cm-3 this time is shorter than 
one due to exchange diffusion. But, as shown in the next Section, spin relaxation by nuclei is much 
faster in this doping range.  
 
9) Relaxation of the electron spins by nuclei. 
The localized electron is coupled with a large number of nuclear spins within its orbit by the Fermi 
contact interaction, proportional to the scalar product of the electron and nuclear spins and to the 
squared electron wave function at the location of the nucleus [3, 21]. The hyperfine interaction can be 
expressed in terms of the effective nuclear magnetic field  applied to the electron spin. This field 
can be as strong as a few Tesla, if nuclear spins are polarized. If they are not polarized, there is still 
some fluctuation nuclear field due to incomplete compensation of fields produced by randomly 
directed nuclear spins. This fluctuation field is described by the Gaussian statistics. Its root-mean-
square value can be estimated as  
NB
NNNf NBB /max
2/12 =       (26) 
where  is the maximum value of the nuclear field, corresponding to fully polarized nuclear 
spins, and N
maxNB
N  is the number of nuclei in the localization volume of the electron. Typically, NN  is of 
the order of 105. A calculation for the case of a shallow donor in GaAs gives GBNf 54
2/12 =  [22].  
Because of the smallness of magnetic moments of nuclei as compared to that of the electron, nuclear 
spins evolve on much longer time scales than electron spins. For this reason, nuclear fields can 
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always be considered quasi-stationary. The regimes of spin relaxation in this situation are governed 
by the electron correlation time cτ . If  12/12 >cNfB Bg τµ , all the components of the electron spin, 
perpendicular to the local nuclear field, will disappear on average during the period of spin precession 
in the nuclear field (typically, a few nanoseconds). The remaining polarization, which amounts to 1/3 
of the initial value, relaxes during much longer time determined by the nuclear spin dynamics [23, 
24]. If 1
2/12 <<cNfB Bg τµ?  (the regime of short correlation time), the time of electron spin 
relaxation by nuclei is given by the motional-averaging formula: 
cNf
B
sN B
g τµτ 2
2
1 ⎟⎠
⎞⎜⎝
⎛=− ?       (27) 
 
The most powerful mechanism limiting the electron correlation time in the impurity band is the 
exchange-induced spin diffusion. Therefore, ( ) 13/2 −≈ exDc DNτ , and one can expect sNτ  to increase 
rapidly with increasing the donor concentration, starting from several nanoseconds in the most lightly 
doped crystals (see Fig.3) 
 
10) Interaction with free electrons. 
 Since at low concentration of donors localized electrons are well isolated from each other, even a 
small concentration of free electrons in the conduction band may strongly affect the spin correlation 
time of bound electrons. The probability of spin exchange between a donor-bound electron and a free 
electron in the conduction band can be calculated using the results of the theory of electron scattering 
by atomic hydrogen [25]. It is determined by the difference of phase shifts for the triplet and singlet 
scattering. If, for example, the bound electron is in the spin-up state, and the free electron is in the 
spin-down state, the two-electron spin state can be written as a superposition of the states with the 
total spin I equal to 0 and 1: 
( ) ( ) ( ) ([ ]0,00,1
2
1
2
1
2
1
2
1 =+==⎥⎦
⎤⎢⎣
⎡ ↓↑+↑↓+↓↑−↑↓↑↓= mm ) , (28) 
which, after scattering, transforms into  
( ) ( ) ( ) ( )[ ]↓↑−+↑↓+=⎥⎦⎤⎢⎣⎡ ↓↑+↑↓+↓↑−↑↓ tststs ffffff 21212121   (29) 
where m denotes the spin projection. In the limit of low kinetic energy of electrons, scattering 
amplitudes for I=0 (singlet) and I=1(triplet) states are angular-independent and equal to [18]: 
( )
( ) t
s
i
tt
i
ss
ekf
ekf
0
0
0
1
0
1
sin
sin
η
η
η
η
−
−
=
=
      (30) 
where s0η  and t0η  are zeroth-order phase shifts. The spin-flip scattering cross-section now writes 
K.V.Kavokin, Spin relaxation of localized electrons in n-type semiconductors   page 15 of 30 
( tstssf kffk 0022
2
2 sin
4 ηη )ππσ −=−=       (31) 
The phase shifts have been calculated numerically and can be found in the literature on atomic 
collisions. Using the dependence of ts 00 ηη −  on  from Fig.1 of Ref. [25], one may propose an 
approximation formula: 
Bka
( ) ( )3
2
9.31
6.20
B
B
sf ka
ak +≈
πσ       (32) 
reproducing the numerical results with the precision better than 0.02 for . The probability 
for a bound electron to flip its spin as a result of collision with a free one is 
7.0≤Bka
( ) ( )bQ
maN
nmknkw
BC
c
csf
b
sf 2/ πσ
?? ==       (33) 
where ( ) ( ) ( )bxxxbQ /exp9.31 6.20 20 3
3
−+= ∫
∞
, 
B
B
E
Tkb = , nc is the concentration of free electrons, and 
 is the effective density of states in the conduction band. We assume that  and therefore 
use the Boltzmann statistics. It is worth noting that at N
CN Cc Nn <<
D>1016 cm-3 (for GaAs) sfσ  may exceed the 
mean squared distance between adjacent donors; at such impurity concentrations, the model of 
independent scatterings fails, and Eq.(33) can be used only for rough estimations. Equation (33) is 
applicable when the thermal energy is less than the Bohr energy of donors; if this condition is 
satisfied, the function Q can be, with a good precision, approximated by the formula  
( ) ( ) ⎥⎦⎤⎢⎣⎡ −+≈ 1101192.0 2bbQ .      (34) 
In thermal equilibrium, the electron concentration in the conduction band is 
, corresponding to  at T=4.2K, and  at 
T=2K. Using Eq.(33), we obtain  at T=10K,   at T=4.2K, and 
 at T=2K. Under optical excitation n
( TkENn BBCc /exp −≈ ) 310106 −⋅≈ cmnc 35104 −⋅≈ cmnc
19103 −⋅≈ swbsf 15103 −⋅≈ swbsf
102.0 −≈ swbsf c can be, of course, much higher; it depends on the 
excitation wavelength and intensity, doping and temperature and may vary very strongly from 
experiment to experiment. 
The probability for the free electron to flip its spin in a collision with a donor-bound electron is equal 
to 
( )bQ
maN
Nw
BC
Di
sf 2π
?= .     (35)  
It is as large as, approximately, 1010 s-1 already at ND=1014 cm-2. This means that exchange scattering 
by neutral donors is the main spin relaxation mechanism for conduction-band electrons at low 
temperatures, and their mean spin is equal to the mean spin of localized electrons with a good 
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precision [26]. Therefore, localized and free electrons form a spin system characterized by common 
relaxation times. 
 
11) The influence of longitudinal magnetic fields on spin relaxation.  
Spin relaxation in zero or very weak magnetic field requires only breaking the angular-momentum 
conservation (which is realized by hyperfine and/or spin-orbit interactions). In longitudinal (i.e. 
parallel to the mean spin) magnetic field of considerable strength, changing the mean spin of 
electrons is accompanied by changing their energy, which should be eventually dissipated into the 
crystal lattice. The energy relaxation of the electron spin system can go in one or two steps, 
depending on the strength of the magnetic field applied. 
 In strong fields, gJB Bµ/>> , the energy gBBµ , released in the spin-flip transition, cannot be 
absorbed by the spin system, and the transition should be accompanied with absorption/emission of a 
phonon. The phonon-assisted spin relaxation in strong magnetic fields has been a subject of many 
theoretical works [9, 27]. As collective spin interactions in the impurity band are less important for  
 
this process, we will not consider it here. 
 In weak-to-moderate fields, gJB Bµ/≤ , the spin-flip transition can go without phonon 
assistance, the energy being temporarily stored within the spin system in the form of exchange 
energy. Its dissipation into the lattice goes independently, by phonon-assisted transitions within the 
energy spectrum of the spin system, broadened by the exchange interaction. The issues related to the 
energy relaxation of the electron spin system in magnetic fields will be discussed in the next Section 
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12. 
 
Fig.1. Spin correlation time determined by exchange diffusion and interaction with free electrons vs 
donor concentration, calculated using the parameters of GaAs. Symbols: experimental values, 
determined from suppression of spin relaxation by longitudinal magnetic fields. 
 
Here, we will concentrate on the magnetic-field dependence of the relaxation rate of the non-
equilibrium angular momentum. In this view, it is worth to recall general expressions for spin 
relaxation induced by random magnetic fields [19]. If the correlation time of the random field is 
shorter than the period of the electron spin precession in this field, then the spin relaxation rate in zero 
external field is given by the motional-averaging formula (Eqs.(2), (19), (27)). Applying a constant 
longitudinal field B slows down the spin relaxation by the factor ( )21
1
cωτ+
, where ?/gBBµω = . 
The characteristic field that diminishes the spin relaxation rate two times is then equal to 
cB g
B τµ
?=2/1 . This expression is very general, but not universal. It is true when the random field is 
characterized by a single correlation time. This is correct in the case of exchange-induced relaxation, 
with . In the case of hopping relaxation, however, there are two very different time 
parameters of equal importance: the duration of a single hopping transition
( 13/2 −≈ exDc DNτ )
hτ  and the waiting time 
wτ . Since the spin-orbit field affects the spin during the hopping transition, it is the time hτ  that 
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enters the suppression factor. The hopping transition takes the time of the order of the inverse 
frequency of phonons assisting the tunnelling. As a result, in the case of hopping the suppression field 
is  
g
g
B Bij
hB
µτµ ∆≈=
?
2/1       (36)   
For GaAs with ND=1015cm-3 hτ is of the order of 1ps, and this field exceeds 10 Tesla. The much 
longer waiting time wτ  may also show up, in a rather unexpected way, in the field dependence of the 
spin relaxation rate. As shown by Lyubinskiy [20], relatively weak magnetic fields, of the order of 
wB gτµ
1 , make the spin relaxation faster. This unusual effect, resulted from the contribution of 
closely spaced pairs of donors into the spin relaxation, has been discussed in Section 8.  
Spin relaxation can be also affected by magnetic localization of electrons. Magnetic fields are known 
to strongly suppress the hopping conductivity by diminishing the overlap of wave functions of 
localized electrons [10]. In magnetic fields up to several Tesla, the hopping conductivity decreases as 
an exponential function of the squared magnetic field. As both the hopping probability and the 
exchange constant are proportional to the same exponential factor ( )Bij ar2exp − , the magnetic-field 
dependence known from the theory of hopping conductivity [10] can be universally applied to spin 
diffusion in the impurity band: 
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛−= 222
2
04.0exp0 B
cN
eaDBD
D
B
SS ?       (37) 
In case of GaAs, the exponent reaches 1 at B=1T for ND=1015 cm-3, and at B=3T for ND=1015 cm-3. 
These fields are of the same order as 
cB g
B τµ
?=2/1 . Having in mind that there are several 
contributions to the spin relaxation rate: exchange diffusion, hyperfine interaction, hopping and 
exchange in small clusters, depending differently on , one can expect, generally, a complex 
pattern of the magnetic-field influence on spin relaxation. 
1−∝ Sc Dτ
 
12) Energy relaxation of electron spins in longitudinal magnetic field.  
The anisotropic exchange interaction provides relaxation of the non-equilibrium polarization of 
electron spins, but does not provide transfer of their energy to the crystal lattice. The same is true for 
the relaxation due to the hyperfine interaction: in that case, electron spins are coupled only with the 
nuclear spin system having a very small heat capacity and very long energy relaxation time [3].  
 For that reason, spin relaxation in the system of localized electrons is, generally, characterized by 
two times rather than a single time sτ : the relaxation time of the non-equilibrium angular momentum, 
T2 (in zero magnetic field, T2= sτ ), and the energy relaxation time, T1. If the condition T2 << T1 is 
satisfied, the spin system can be characterized by a spin temperature θ , which can be different from 
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the lattice temperature T (for an introduction into the concept of spin temperature, see Ref.[2]). In that 
case, optical spin orientation in the longitudinal magnetic field, when a change of the polarization of 
spins is accompanied by changing their energy, should be interpreted as cooling of the spin system. 
The spin cooling is well known for nuclear spin systems; now we should find out whether or not it 
may occur for electrons.   
Let us estimate the energy relaxation time T1. The energy transfer between the spin system and the 
lattice may result from phonon-assisted spin flips of electrons. But the spin-phonon scattering time of 
a single localized electron at liquid-helium temperatures is about 0.1 s or longer [9]. The spin 
relaxation by phonon-assisted hopping is also ineffective, as shown above. However, hopping can 
provide energy relaxation of the electron spin system even without spin flips. Indeed, when an 
electron hops from donor to donor, the constants of its exchange interaction with other electrons 
change, due to their exponential dependence on distance, by the values of the order of themselves. As 
a result, the energy of the spin system changes by the value of the order of the mean exchange energy 
per one electron.  The total number of hops in unit time is determined by optimal pairs (see Section 
8). The waiting time for a hop in such a pair, , given by Eq.(23), is of the order of 10ps. If the 
correlation time is shorter, the hopping contribution into the energy relaxation rate, 1/T
w
optτ
1h, is of the 
order of , where the concentration of optimal pairs is given by Eq.(24). If  is 
shorter than 
( ) Doptwopt NN /1−τ woptτ
cτ  , 1/T1h is determined by the energy transfer to optimal pairs from other electrons and 
can be estimated as ( ) . An approximation formula, Doptc NN /1−τ
( ) optDwoptch NNT /1 ττ +≈      (38) 
can be used to calculate T1h in both regimes. In GaAs, the crossover between the two regimes occurs 
at donor concentrations near 1016 cm-3, where . With decreasing concentration below NsT h
9
1 10
−≈ D= 
1016 cm-3, T1h becomes longer, following the increase of cτ . Eventually it becomes as long as several 
microseconds at ND around 1015 cm-3, exceeding the spin relaxation time, which in that range of 
concentrations is limited by the hyperfine interaction.   
Another possible mechanism of energy relaxation is thermal activation of localized electrons into the 
conduction band. One can expect that in the temperature range where hopping conductivity 
dominates, activation is a more rare event than a tunnel hop. A quantitative estimate confirms this. 
The probability of thermal activation is given by the principle of detailed equilibrium:  
( TkEvNw BBtcca /exp2
1 −= σ )      (39) 
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where 
( )
( )3
2/3
2
22 ?π
π TmkN Bc =  is the effective density of states in the conduction band, 
32
4
23
3
8 ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
Tk
e
d
Em
B
D
c εσ ?  is the cross-section of capture of a free electron to the donor-bound state, 
m
Tkv Bt π
8=  is the thermal velocity [28]. For GaAs, wa is 200 s-1 at T=4.2 K, and 10-6 s-1 at T=2 K.  
The interaction with free electrons, considered above (Section 10), can also provide energy 
relaxation. Free electrons receive energy from localized ones at the rate isfex wε  and give it up to the 
lattice at the rate eeBTk τ , where Te is the kinetic temperature of free electrons, eτ  is their energy 
relaxation time by phonon emission, and exε  is the mean exchange energy of localized electrons. 
The time , characterizing the energy relaxation via free electrons is determined by these two 
successive processes:  
iT1
( ) e
eBc
exDb
sf
i
Tkn
N
wT τε+= −11 ,       (40) 
At liquid-helium temperatures, eτ  is of the order of nanoseconds. Using the results of Section 10, one 
can estimate that, if the electron concentration in the conduction band is determined by thermal 
activation,  is of the order of 10iT1 -4 s or longer. Presence of optically pumped electrons can, 
however, make it much shorter.  
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Fig.2. Energy relaxation time T1 determined by hopping in optimal pairs, compared with the spin 
relaxation time determined by the anisotropic exchange interaction and hyperfine interaction. 
Calculations are performed with the parameters of GaAs, T=4.2K. 
 
Summarizing the above paragraphs, we can conclude that the energy relaxation of the spin system of 
bound electrons is provided mainly by tunnel hops in optimal pairs of donors. At high donor 
concentrations, the energy relaxation is faster than the spin relaxation determined by the anisotropic 
exchange interaction. With lowering concentration, the energy relaxation becomes less effective 
because of increasing isolation of donors from each other, which slows down the energy transfer to 
optimal pairs (see Fig.2). At the same time, the spin relaxation time gets shorter due to the hyperfine 
relaxation. As a result, the inequality between relaxation times of angular momentum and energy 
becomes weaker and even reverses. This also may happen in the case when the number of empty 
donor states is very low – for example, in heterostructures where additional electrons may come from 
barriers. In all these situations, the decay of spin polarization in a longitudinal magnetic field will be 
limited by the energy relaxation of the spin system. The spin dynamics in this regime will be 
considered in the next Section. 
  
13) Spin dynamics under cooling of the electron spin system. 
If the non-equilibrium mean spin relaxes faster than the energy, the system of interacting spins 
can be characterized by a spin temperature, which may be different from the lattice temperature. The 
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nuclear spin system of a semiconductor [3] is a well-known example. Let us now obtain differential 
equations for the mean spin and spin temperature of the system of donor-bound electrons under 
optical pumping.  
The influx of mean spin due to optical spin orientation in n-type semiconductors is equal to 
j
SS
τ
−0 , where S0 is the mean spin of optically excited electrons, S is the mean spin of resident 
electrons, and jτ  is the characteristic time of replacement of a resident electron by a photo-excited 
one ( jτ  is inversely proportional to the pumping intensity) [29]. Here we consider only the spin 
components along the external magnetic field.  
In the longitudinal magnetic field, this spin influx is accompanied by an energy influx, equal to 
j
B
SSgB τµ
−0  (per one electron). The rate of change of the reciprocal spin temperature θβ Bk
1=  due 
to this energy influx equals 
1
0
−
⎟⎟⎠
⎞⎜⎜⎝
⎛
∂
∂−
βτµ
USSgB
j
B , where U is the total energy of the spin system; 
( )HTrU ˆρˆ= , where ρˆ  is the spin density matrix, Hˆ  is the Hamiltonian of the spin system. Taking 
the derivative of energy by the reciprocal temperature, we obtain: 
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   (41)
 
where iε  is the energy of  i-th spin state.  
Since the isotropic exchange and Zeeman interactions commute, and the anisotropic correction are 
small, one can write:  
22
exz
U εεβ ∆+∆=∂
∂
      (42)
 
If the spin ensemble is weakly polarized, 22 Jex ≈∆ε , and ( ) ( )222 4
1 gBgBs BzBz µµε ≈=∆ . 
Optical pumping also results in an increase of the exchange energy due to disruption of spin-spin 
correlations. In the high-temperature approximation, the mean exchange energy of a localized 
electron equals . Replacement of resident localized electrons with photo-excited ones having 
zero exchange energy results in the energy influx 
βε 2ex∆
j
ex
τ
βε 2∆ . 
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Finally, the reciprocal spin temperature relaxes to the reciprocal lattice temperature with the time 
T1, and the mean spin S relaxes to its quasi-equilibrium value, corresponding to the reciprocal spin 
temperature β, gBS Bµββ 4≈ , with the time T2. 
 Now we can write the differential equations for β  and S:  
( )
( )⎪⎪⎩
⎪⎪⎨
⎧
−−−=
−−∆+
∆−−∆+
+=
βτ
β
τ
β
εµ
ε
τεµ
µβ
SS
T
SSS
T
Tk
Bg
SS
Bg
SJgB
j
B
jexB
ex
jexB
B
2
0
1
2222
2
0
2222
1
/1
44
?
?
   (43)
 
 
It is convenient to rewrite these equations in terms of the current value of the mean spin, S, and its 
quasi-equilibrium value, Sβ: 
 
( ) ( )( )
( )⎪⎪⎩
⎪⎪⎨
⎧
−−−=
−−−−−⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=
β
ββ
β
τ
ττµ
SS
T
SSS
T
SSS
BfSSS
gB
J
BfS
j
L
jjB
2
0
1
0
1
11
?
?
    (44)
 
 
where ( ) ( )( )
( )
( ) 4/34 22
2
22
2
JgB
gB
gB
gBBf
B
B
exB
B
+≈∆+= µ
µ
εµ
µ , and gB
Tk
S B
B
L µ4
1≈  is the equilibrium value 
of the mean spin at the lattice temperature.  
Under the constant-wave excitation, Eq.(44) yields the following expressions for the quasi-
equilibrium mean spin, , and the non-equilibrium part of the mean spin, : βS βSS −
( ) ( )
( )( ) ( )
( )( )
( )( ) ( )⎪⎪⎩
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⎧
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STTSBf
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jj
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j
jj
Lj
ττ
ττ
τ
ττ
τ
β
β
     (45)
 
With increasing the pump intensity, the mean spin changes from the  at LSS ≈ 1Tj >>τ  to 
 at 0SS ≈ 2Tj <<τ . Under moderate pump intensity, when 12 TT j <<<< τ , Eq.(45) simplify: 
 
( )⎪⎪⎩
⎪⎪⎨
⎧
+≈
≈−
L
j
j
S
T
SBfS
STSS
1
0
0
2
τ
τ
β
β
      (46) 
The decay of spin polarization after pumping by a pulse of circularly polarized light is described 
by Eq.(44) at ∞=jτ : 
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⎧
−−=
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      (47)
 
The increase of the magnetic field results in changing the quasi-equilibrium part of the mean spin 
from a small value L
j S
T1
τ
, determined by heating the spin system by optical pumping, to the value 
close to the mean spin of photo-excited electrons, S0. In weak magnetic fields, 
jB
ex T
g
B τµ
ε 22∆<< , the 
spin polarization is purely non-equilibrium, and an exponential decay with the time T2 should be 
observed. In intermediate fields, of the order of 
jB
ex T
g τµ
ε 22∆ , a two-exponential decay is expected: 
first the decay of the non-equilibrium spin with the time T2, and then diminishing of the quasi-
equilibrium part due to relaxation of the spin temperature with the time T1. Finally, in moderately 
strong fields, 
g
BT
g B
ex
jB
ex
µ
ε
τµ
ε ∆<<∆ 22 , only the quasi-equilibrium polarization remains, decaying 
with the time T1. It is worth noting that all these changes occur in magnetic fields too small to affect 
T2, which increases in the characteristic field gg
B
B
ex
cB µ
ε
τµ
∆≈= ?2/1 .    
One can see that, in a general case, there are two decay times, T1 and T2. The observed relaxation 
pattern is determined largely by the excitation conditions: magnetic field in which the electrons are 
excited, excitation intensity and its spectral position, which may strongly affect T1 by changing the 
concentration of photoexcited conduction-band electrons or excitons. 
 
14) Possible pitfalls for experiments on spin relaxation. 
Spin relaxation in n-type semiconductors is studied with a variety of experimental techniques, 
mainly using optical orientation of electron spins. Recently, spin noise spectroscopy, developed 
earlier [30] for atomic gases, has been modified and applied to semiconductors [31]. The latter 
method has an apparent advantage of not perturbing the spin system studied, while none of the more 
traditional approaches is fully free of this shortcoming. 
There are several ways by which optical pumping affects spin relaxation. Most obvious are listed 
below: 
1. The spin lifetime is limited by the recombination time of electrons with photoexcited holes. 
This has been understood since classical works of Dyakonov and Perel [29], and normally 
precautions are taken to avoid this effect. It is easily eliminated by determining sτ  from a cut-off of 
the dependence of the Hanle curve width on pumping at zero pump intensity [7] or by measuring the 
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spin dynamics after the hole recombination time in experiments with pulsed excitation [31]. The same 
measures remove the effects of the exchange scattering by holes (Bir-Aronov-Pikus spin relaxation 
mechanism). 
2. A population of delocalised electrons is created in the conduction band, which remains there 
after recombination of holes with localized electrons. The concentration of free electrons in bulk 
crystals decreases back to the equilibrium value during the capture time , which for 
GaAs at liquid-helium temperatures amounts to about 1 ns. 
( 1−= tcDt vkN στ )
  The situation can be different in heterostructures where re-charging effects can take place. This 
was demonstrated in Ref.[22] by changing the excitation wavelength. Under the illumination just 
above the bandgap, additional electrons came to the GaAs layer (ND=1014cm-3) from AlGaAs barriers. 
There were not enough donor-bound states to accommodate them, and a population of free electrons 
was created. As a result of exchange scattering, the correlation time of donor-bound electrons was 
reduced to approximately 10-10s; according to Eqs.(33) and (34), this requires about  free 
electrons per cubic centimetre. At such a short correlation time, relaxation by nuclei was suppressed; 
Eq.(27) gives the spin relaxation time of about 300ns, which was indeed measured using the Hanle 
effect under resonant excitation near the band edge with a tuneable Ti-Sapphire laser [22]. Under 
illumination with much higher photon energy, additional electrons were removed from the GaAs 
layer, and the spin relaxation time dropped down to 5ns, which corresponds to the long-correlation-
time regime of hyperfine relaxation, typical for isolated donors. 
13107 ⋅
 It should be noted that the effect of illumination may be different depending on the structure 
design, wavelength and intensity of light. Often charge carriers are transferred not from, but into the 
studied layers [32].  In lightly doped crystals, spin density of photoexcited electrons may exceed that 
of localized ones and mask their spin dynamics. 
3. Excitation light can heat up delocalised electrons and/or change the spin temperature of localized 
ones, as described in Section 13. This can affect, first of all, measurements of the spin correlation 
time using suppression of spin relaxation by longitudinal magnetic fields. The increased 
relaxation time observed in a magnetic field may be in fact the energy relaxation time T1, which 
determines the spin dynamics of the cooled spin system. 
 
15) Experimental studies of spin relaxation of localized electrons in n-type semiconductors: Past, 
present and future. 
Extended (up to 30 ns) spin relaxation times in lightly doped n-type crystals of GaAs were observed 
already at early stages of research on optical spin orientation by Weisbuch [33]. In late 90-es, 
Dzhioev et al [34] and Kikkawa and Awschalom [35] reported measuring nss 42=τ at 
cm15104 ⋅=DN -3 and 130 ns at cm1610=DN -3, correspondingly. The most comprehensive, to this 
date, study of spin relaxation in bulk n-type semiconductors was performed by Dzhioev et al [7]. Spin 
relaxation times were measured using the conventional Hanle effect (depolarisation of 
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photoluminescence by a transversal magnetic field) in bulk GaAs crystals with ND spanning the range 
from 1014 to 1017 cm-3. For most concentrations, the measurements were performed at two 
temperatures, 4.2K and 2K, not showing a significant difference in sτ  between these two 
temperatures. For a few concentrations below cm15105 ⋅=DN -3, dependences of the polarization of 
photoluminescence on the longitudinal magnetic fields were measured and used to determine the 
correlation time cτ  (see Section 11). Later, the results for several other samples within the same 
concentration range were reported, measured with a time-resolved photoluminescence technique [36, 
37] and using the Hanle effect detected with the photoinduced Kerr rotation [38]. In Refs.[36, 37], 
spin relaxation time was measured as a function of temperature and longitudinal magnetic field. The 
experimentally measured spin relaxation times from Refs.[ 7, 35-38] are plotted in Fig.3 against 
donor concentration in the range below cm16102 ⋅=DN -3 (above this concentration, electrons in 
GaAs are delocalized). The theoretical curves are calculated for the hyperfine and anisotropic 
exchange mechanisms. Since there is no fitting parameters in the theory, the agreement with the 
majority of the experimental data looks remarkable. Still, some discrepancies are seen. Firstly, the 
relaxation times for cm15104 ⋅=DN -3 and cm1610=DN -3, reported in Ref.[38], are much longer 
than those measured by other groups. Secondly, experiments in lightly-doped samples show very 
large scattering and generally longer times than predicted by theory. Thirdly, the experiments of 
Refs.[36, 37] demonstrate rather strong temperature dependence of the spin relaxation time – in 
contrast to the data of Ref.[7] revealing practically no difference between sτ   at 2K and 4.2K.  
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Fig.3. Experimental data on spin relaxation time in GaAs in zero or weak magnetic field vs donor 
concentration. Lines present the theory taking into account two most powerful relaxation mechanisms: by 
hyperfine interaction and spin-orbit interaction in course of exchange diffusion. 
 
These features are probably related to the behaviour of the spin correlation time that, in the motion-
narrowing regime, determines the spin decay rate via the hyperfine interaction. This time was 
measured from the dependences of the electron mean spin or spin relaxation time on the longitudinal 
magnetic field [7, 36, 37]. As seen from Fig.1, in the low-doping range experimentally measured 
values of cτ  are systematically shorter than theoretical ones, determined by the exchange diffusion. 
In addition, a non-monotonous magnetic-field dependence of the spin relaxation time was observed in 
a GaAs sample with  [37].  The origin of these effects is not quite clear, but most 
likely it is interaction with free electrons. The concentration of the latter in those experiments might 
have exceeded the thermally equilibrium value due to either optical pumping or injection from 
barriers in heterostructure samples. This phenomenon, qualitatively demonstrated in Ref.[22], have 
not yet been systematically studied.  
31510 −= cmND
The polarization dynamics of the spin system of impurity-band electrons in longitudinal magnetic 
fields is affected, as follows from the above theory, by an exceedingly large number of factors. 
Electron-phonon, hyperfine, exchange and spin-orbit interactions are deeply involved. Magnetic field 
affects spin relaxation via splitting of spin levels and magnetic localization of electrons. As a result, 
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some relaxation mechanisms are suppressed, and others (like relaxation in small clusters) may come 
into play. Under certain conditions, optical spin orientation in magnetic fields may bring about 
cooling of the electron spin system, and the decay of spin polarization will be governed by relaxation 
of energy rather than angular momentum. Disentangling this complex of phenomena requires 
systematic experiments in a range of impurity concentrations, with varying temperature, magnetic 
field and pump intensity, which has not yet been done. This is an obvious target for experimental 
research for the nearest future.  
The quantitative understanding of the spin physics in impurity bands of bulk semiconductors, once it 
is reached, would be a good basis for studying spin systems of localized electrons in quantum wells 
and quantum-dot arrays. These nanostructures, attractive for the researchers from many points of 
view, unfortunately lack the uniformity of the localizing potential that greatly simplifies bringing 
together experiment and theory in bulk crystals. Possibly for this reason, interesting experimental 
results obtained in low-dimensional structures with localized interacting electrons remain so far 
disparate, and there is no general picture of spin dynamics in such systems. Hopefully, these 
difficulties will be soon overcome.   
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